Abstract. We show that the theorem proved in [8] 
A function g : X → X, where X = ∅ is called an iterative root of a given function f : X → X if g m (x) = f (x) for x ∈ X, here g m denotes the m-th iterate of g and m ≥ 2, called the order of an iterative root, is an integer. It seems that it was M. C. Zdun, who first started dealing with the problem of the existence of continuous and orientation-preserving iterative roots of an orientation-preserving homeomorphism of the circle, the homeomorphism with periodic or fixed points. Recall that x ∈ X is a periodic point of order n ∈ N, n > 1 of f , if f n (x) = x and f k (x) = x for k ∈ {1, . . . , n − 1}.
If f (x) = x then x is said to be a fixed point of f . The set of all periodic (fixed) points of f will be denoted by Per f (Fix f ). In [9] Zdun solved the problem of the embedding of some homeomorphisms of the circle S 1 := {z ∈ C : |z| = 1} in a continuous flow. Form these results one may conclude that if F : S 1 → S 1 is an orientation-preserving homeomorphism such that S 1 = Fix F = ∅, resp. Per F = S 1 , then F has infinitely many iterative roots of any order with fixed, resp. periodic points. Three years later J.H. Mai in [5] gave some conditions for the existence of continuous iterative roots of F with
, F is the identity function, then F has infinitely many, depending on an arbitrary function, continuous and orientation-preserving iterative roots with periodic points. In the same year in [6] a similar result was proved for F such that Per F = S 1 . In 2008 M.C. Zdun in [10] proved so called factorization theorem and as an application of it he gave the necessary and sufficient conditions for the existence of iterative roots with periodic points for F such that
The mentioned Zdun's theorem was also used in [7] in the proof of Theorem 2 and for proving the general theorem in [8] .
In this paper we show that the mentioned theorem from [8] generalises the results from [7] , [10] , [6] and [2] . Before that we recall some useful facts and definitions. From now on we set Z n = {0, 1, . . . , n − 1} and Z * n = {1, . . . , n − 1} for a suitable natural n.
Let u, w ∈ S 1 and u = w, then there exist t 1 , t 2 ∈ R such that t 1 < t 2 < t 1 + 1 and u = e 2πit1 and w = e 2πit2 . Put and
for all x ∈ R, where k ∈ {−1, 1}. We call F orientation-preserving if k = 1, which is equivalent to the fact that f is increasing. Moreover, for every continuous function G : I → J, where
In this case we also call g the lift of G and we say that G preserves the orientation if g is strictly increasing. For any orientation-preserving homeomorphism F :
always exists and does not depend on the choice of x and f . This number is called the rotation number of F (see [1] ). It is known that α(F ) is a rational and positive number if and only if F has a periodic point (see for example [1] ). If F : S 1 → S 1 is an orientation-preserving homeomorphism such that α(F ) = q n , where q, n are positive integers with 0 < q < n and gcd(q, n) = 1, then Per F contains only periodic points of order n (see [7] , [4] ). Moreover, there exists a unique number p ∈ Z * n satisfying pq = 1 (mod n). This number will be called the characteristic number of F and denoted char F := p (see [10] ). If Fix F = ∅, then α(F ) = 0 and we define char F := 1.
Recall that if G is an orientation-preserving iterative root of F , where α(F ) = q n , 0 ≤ q < n and gcd(q, n) = 1, then there are an integer l ≥ 1 and q ∈ Z nl such that α(G) = q ln and gcd(q , nl) = 1 (see for example Lemma 2 in [8] ) and thus G has periodic of fixed points of order nl.
In view of Theorem 5 (see [10] ) every orientation-preserving homeomorphism F : S 1 → S 1 possessing periodic points of order n is of the form
where z 0 ∈ Per F , q = nα(F ) and T : S 1 → S 1 is an orientation-preserving homeomorphism such that T n = id S 1 . The function T = T z0 (F ) is unique up to a periodic point of F and it is called the Babbage function of F (see [10] ). Of course if Per F = S 1 , we have T z0 (F ) = F char F . For an orientation-preserving homeomorphism such that Fix F = ∅ we may assume that the Babbage homeomorphism of F is the identity function.
For the convenience we recall Theorem 2 from [8] .
Let m ≥ 2 and l ≥ 1 be integers and let F : S 1 → S 1 be an orientation-preserving homeomorphism such that α(F ) = q n , where 0 ≤ q < n and gcd(q, n) = 1. F has continuous and orientation-preserving iterative root of order m with periodic points of order ln if and only if the following conditions are fulfilled:
(i) m l =: m ∈ Z and there is q ∈ Z * nl such that gcd(q , ln) = 1 and q m = q (mod n); (ii) for some z 0 ∈ Per F there is a partition of
For any z 0 ∈ Per F , m, l, q , arcs J 0 , . . . , J l−1 and homeomorphisms
where
if l > 1, where Ψ :
T = T z0 (F ) denotes the Babbage homeomorphism of F and
Moreover, every orientation-preserving iterative root of order m of F with periodic points of order nl (if exists) may be expressed by (2) -(6).
In order to obtain the first corollary, suppose that F : S 1 → S 1 is an orientation-preserving homeomorphism such that S 1 = Per F = ∅, α(F ) = q n , where gcd(q, n) = 1 and that l = 1. Then condition (i) of Theorem 1 takes the following form: there exists a q ∈ Z * n such that gcd(q , n) = 1 and q m = q (mod n) which is equivalent to gcd(m, n) = 1 (see Remarks 2 and 3 in [7] ). As l = 1 we have m = m, V = Ψ char F and (4) and (6) we have i = 0, d ∈ Z n , thus
Let F : S 1 → S 1 be an orientation-preserving homeomorphism such that Per F = S 1 and α(F ) = q n , where gcd(q, n) = 1. F has orientation-preserving, continuous iterative root of order m ≥ 2 with periodic point of order n if and only if gcd(m, n) = 1.
For every such an m and z 0 ∈ Per F the iterative root G :
where q ∈ Z * n is such that q m = q (mod n), G 0 : I 0 → I 0 is an orientation-preserving homeomorphism such that
where T = T z0 (F ) is the Babbage'a homeomorphism of F and
Moreover, every orientation-preserving iterative root of order m of F with periodic points of order n (if exists) may be expressed by (7) -(9). This is a combination of Lemma 2 and Theorem 2 form [7] . Assume l > 1 and let F be such that ∅ = Fix F = S Let m, l ≥ 2 be integers. An orientation-preserving homeomorphism F : S 1 → S 1 with ∅ = Fix F = S 1 has a continuous and orientation-preserving iterative root of order m with periodic point of order l if and only if:
For every such a partition {J i } i∈Z l , numbers m, l, homeomorphisms V i , i ∈ Z l−1 and each 0 < q < l such that gcd(q , l) = 1 the function
is the iterative root of F such that Per F = ∅. Moreover, every continuous and orientation-preserving iterative root of F of order m having periodic points of order l is given by (10) and (11).
Taking l = m in the above corollary we get Theorem 11 from [10] . Now turn to the case Per F = S 1 and l > 1. As F n = Id S 1 the condition (ii) of Theorem 2 is fulfilled for any partition of
, where z 0 ∈ S 1 and any orientation-preserving homeomorphisms
Let m, l ≥ 2 be integers, F : S 1 → S 1 be an orientation-preserving homeomorphism such that Per F = S 1 and α(F ) = q n , where 0 < q < n and gcd(q, n) = 1. F has a continuous and orientation-preserving iterative root of order m with periodic point of order nl if and only if:
m ∈ Z and there is q ∈ Z * ln such that gcd(q , ln) = 1 and q m = q (mod n). For every m, q , l satisfying (i) every partition {J i } i∈Z l of I 0 and every orientation-preserving homeomorphisms
Moreover, every continuous and orientation-preserving iterative root of F of order m having periodic points of order nl is given by (12) and (13). This is slightly modified Theorem 2 from [6] . Assume that Per F = S 1 and l = 1. Similarly as in Corollary 1 the condition (i) is equivalent to gcd(m, n) = 1 and the condition (ii) is not the case. Moreover, Ψ = F and V = F char F . Hence
Let m ≥ 2 be integer, F : S 1 → S 1 be an orientation-preserving homeomorphism such that Per F = S 1 and α(F ) = q n , where 0 < q < n and gcd(q, n) = 1. F has a continuous and orientation-preserving iterative root of order m with periodic point of order n if and only if gcd(m, n) = 1. For every m ≥ 2 and every q ∈ Z * n such that gcd(q , n) = 1 and q m = q (mod n) the iterative root G : S 1 → S 1 of F is of the form:
This is Corollary 4 from [6] . In [6] this result was obtained independently on Theorem 2. Finally suppose that l > 1 and Fix F = S 1 , i.e., F = Id S 1 . Since q = 0, n = 1, we have char F = 1, I 0 = S 1 and T = T z0 (F ) = Id S 1 for any z 0 ∈ S 1 . Notice that if m l ∈ Z then every q ∈ Z * l such that gcd(q , l) = 1 satisfies m q = 0 (mod 1). The condition (ii) is obviously fulfilled for any partition {J i } i∈Z l of S 1 and any orientation-preserving homeomorphisms V i : J i → J i+1 , i ∈ Z l−1 . Moreover as G 0 = Id J0 we have Ψ = Id S 1 . Therefore from Theorem 1 it follows the Jarczyk's theorem from [2] . For every such numbers m, l, every partition {J i } i∈Z l of S 1 and every orientation-preserving homeomorphisms V i : J i → J i+1 , i ∈ Z l−1 , the function G(z) := V q (z), z ∈ S 1 , (14) where q ∈ Z * l is such that gcd(q , l) = 1 and
is the orientation-preserving continuous iterative root of Id S 1 of order l. Moreover, every continuous and orientation-preserving iterative root of Id S 1 of order m having periodic points of order l is given by (14) and (15).
